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 My introduction to this classic came about via a reading of the comprehensive Brouwer 
biography �± written both from an intensely and sympathetic personal point of view and an 
�H�[�S�H�U�W�¶�V���H�\�H���I�R�U���W�K�H���J�U�H�D�W���'�X�W�F�K���0�D�W�K�H�P�D�W�L�F�D�O���,�Q�W�X�L�W�L�R�Q�L�V�W�¶�V���I�X�Q�G�D�P�H�Q�W�D�O�O�\���L�Q�Q�R�Y�D�W�L�Y�H��
constructive contributions to mathematics �± by Dirk van Dalen (2005). 
 This brief paper is dedicated to several generations of enthusiastic graduate students, in Trento 
and at NSSR, who inspired me to make a serious effort to learn and understand from Brouwer, 
van Dalen and Euwe, despite the fact that these authors are almost completely unknown and 
neglected in every form of orthodox mathematical economics and game theory. They are, 
naturally, absolved from any and all remaining infelicites in this paper. 
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§ 1. A Brief Introduction 

“Is there a systematic procedure by which one can tell whether a [game]1 is solvable? 
I hope to show  that  the  answer  to  this  last  question  is  ‘No’.” 
Alan Turing, 1954, p. 16; italics in the original 

 

Neither  the  notion  of  a  ‘systematic  procedure’,  nor  that  of  ‘solvability’  is  part  of  the  natural  

vocabulary of mainstream game theory, despite words that are suggestive that games are 

playable in some precise – even if only with exactly approximable – solutions.  

  

Game theory, in its many varieties, has never been out of mainstream thinking in the social 

sciences, in general, and in economic theory – especially Mathematical Economics – in 

particular. One of the frontier topics in the subject, straddling not only the social sciences and 

economics, but also at the frontiers of applied mathematics, computer science and variety of 

themes under the general rubric of computational sciences, is Algorithmic Game Theory (cf., for 

example, Nisan, et. al., 2007). 

 

At the  proverbial  ‘last  count’,  it  was  entirely  possible  to  list  at least seven different formal – read 

‘rigorous’,  in  this  context  – approaches to game theoretic characterization of behavior in various 

decision theoretic contexts2 of conflict, cooperation, evolution, and so on. This, most likely 

partial view, would encompass: 

i. The  ‘classic’  von-Neumann-Morgenstern approach, itself subdivided at a most gross 

level into non-cooperative and cooperative theories of games, associated primarily with 

the names of Nash and Shapley. The roots of this approach go back to the early years of 

the century in the work of Zermelo (1913). 

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1 The  word  in  Turing’s  original (Turing, 1954, p. 16) is  ‘puzzle’,  which  I  have  substituted  with  ‘game’  for  
the context I require in this paper. 
2 It  is  for  this  reason  that  I  do  not  consider  John  Conway’s  ingenious  ‘construction’  – it is not 
constructive in the usual Brouwerian, intuitionistic, sense – of a number system the ‘surreal  
numbers’  (Knuth,  1974)  - in terms of a particular game-like activity, implemented by the 
imaginative mind of a being who, or which, could well be an ordinary human being (cf., 
Conway, 1976). However, the game-like  activity  in  Conway’s  ‘construction’  is  subsumed  under  
Combinatorial Games, which is also an indication that this branch is not constructive (although it 
could be considered a branch of computable games, especially if we allow also Oracle 
Computations).  
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ii.  Arithmetic Games, going back to what I like to call the Hungarian-Polish (Steinhaus, 

1965, is an excellent, if informal, source for the history of the development of this way of 

approaching the problem of strategic interaction) tradition of basing a derivation of max-

min theorems without utilizing the axiom of choice, but appealing to the axiom of 

determinateness, defined specifically with the purpose of making the relevant games 

playable �± but not quite effectively (in the sense of computability theory). Arithmetic 

Games, via the Banach-Mazur (1937) refinements of it, came to play an important role in 

the development of computable underpinnings for them in the pioneering work of Rabin 

(1957), which was, it self, based on the Gale-Stewart classic (Gale & Stewart, 1953). 

However, it must be remembered that the mathematical foundations are based on the 

adoption of the Axiom of Determinacy and an explicit rejection of the Axiom of Choice 

(unlike orthodox game theory). 

iii.  I define �± or characterize - Computable Games as those played by Turing Machines, 

whether non-deterministic or not, and also including those played by Finite Automata. I 

consider the locus classicus of this important branch the fundamental paper by Chandra, 

Kozen and Stockmayer (1981), with a particularly illuminative computer science 

application given in Condon (1989).  

iv. Combinatorial Games are elegantly described and characterized in Guy (1991; editor). 

Essentially, these are two-person, complete information, chanceless, alternative, games 

(cf., Guy, ibid, p. 2), and in this they have much in common with Arithmetical Games. 

The main difference is that in Arithmetical Games one dispenses with the Axiom of 

Choice and works with the Axiom of Determinacy. 

v. Evolutionary Games emphasize biological mechanisms of evolution �± primarily the New 

Synthesis, incorporating the Mendelian hereditary element within the Darwinian model �± 

and, hence, is intrinsically dynamic. It is generally claimed to have originated in the 

pioneering article by Maynard Smith and Price (1973), although this author considers the 

distinguished mathematical-biological tradition of Lotka and Rashevsky to have been the 
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original pioneers of a dynamical systems �± in modern terminology �± approach to multi-

species interactions in various media3.  

vi. Mathematical Economists and General Equilibrium theorists should understand by 

Algorithmic Game Theory the variant of Computable General Equilibrium (CGE) theory, 

but in the context of strategic, inter-temporal, interaction in a multi-agent context. It is, 

similar to CGE �± and contrary to widespread claims of its practitioners on many 

theoretical and applied frontiers �± neither constructive not computable (the latter in the 

strict sense of computability theory). 

vii. Constructive Game Theory is attributable to the single, outstanding, contribution by Max 

Euwe. The next section is a brief discussion of this classic. 

 

§ 2. Notes on Euwe’s4 Constructive Game 

�³�,�Q�������������W�K�H�U�H���Z�D�V���D�Q�R�W�K�H�U publication in the intuitionistic tradition: an intuitionistic 
analysis of the game of chess by Max Euwe [(1929)]. It was a paper in which the game 
was viewed as a spread (i.e. a tree with the various positions as nodes). Euwe carried out 
precise constructive estimates of various classes of games, and considered the influence 
of the rules for draws. When he wrote his paper he was not aware of the earlier literature 
of Zermelo and DŽn•s Kšnig. Von Neumann called his attention to these papers, and in a 
letter to Brouwer Von Neumann sketched a classical approach to the mathematics of 
chess, pointing out that it would easily be constructivized��� ́ 
Dirk van Dalen (2005), p. 636; italics added. 

 

Why, then, would Steinhaus (1965, p. 460), with an obvious sense of perplexity, have to wonder: 

�³�-�����Y�R�Q���1�H�X�P�D�Q�Q���Z�D�V��aware of the importance of the minimax principle [von Neumann, 
���������@�����L�W���L�V�����K�R�Z�H�Y�H�U�����G�L�I�I�L�F�X�O�W���W�R���X�Q�G�H�U�V�W�D�Q�G���W�K�H���D�E�V�H�Q�F�H���R�I���D���T�X�R�W�D�W�L�R�Q���R�I���=�H�U�P�H�O�R�¶�V��
�O�H�F�W�X�U�H���L�Q���K�L�V���S�X�E�O�L�F�D�W�L�R�Q�V���´ 

 

I fi �Q�G���L�W���H�T�X�D�O�O�\���µ�G�L�I�I�L�F�X�O�W���W�R���X�Q�G�H�U�V�W�D�Q�G�¶���W�K�H���D�E�V�H�Q�F�H���R�I���D�Q�\���U�H�I�H�U�H�Q�F�H���W�R Euwe (1929) in any of 

�Y�R�Q���1�H�X�P�D�Q�¶�V���S�R�V�W- 1929 publications. Moreover, despite cliams by, for example Giocoli (2003) 

�± but he is not alone in this �± no orthodox game theoretic framework has ever been developed 

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
3 �$�I�W�H�U���D�O�O�����8�P�E�H�U�W�R���'�¶�$�Q�F�R�Q�D�¶�V���F�O�D�V�V�L�F���W�H�[�W�����Z�L�W�K���D�Q���D�G�P�L�U�D�E�O�\���F�O�H�D�U���D�Q�G���S�H�G�D�J�R�J�L�F�D�O��
description of the Lotka-Volterra system, was titled, The Struggle for Existence ���'�¶�$�Q�F�R�Q�D����
1954)! 
4 Biographical details on Max Euwe, in the context of his life as a disciple of Brouwer and as a 
practitioner of the Dutch tradition of intuitionistic mathematics can be found in van Dalen 
(2013). A comprehensive personal account is in MŸnninghoff (2007). 
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constructively,  especially  not  in  Brouwer’s  intuitionistic sense. Above all, absence of any 

recognition of, or reference to, Euwe (ibid)  in  Kuhn’s  edited  volume  on  Classics in Game 
Theory (Kuhn, 1997; edited), seems more than an elementary oversight (at least to this writer). 

A mathematical economist, even with technical expertise in the foundations of mathematics, may 

not be able to read and appreciate this brilliantly original contribution by Euwe simply because 

the kind of mathematics utilised, systematically, by the author is one with he or she is entirely 

unfamiliar. A simple example could illustrate what I mean. 

 

The  title  of  Zermelo’s  classic  of  1913  is:  Über eine Anwendung der Mengenlehre auf die 

Theorie des Schachspiels. Now  contrast  this  with  the  title  of  Euwe’s  explicitly acknowledged, 

Brouwerian intuitionistic analysis of the playing of the game of chess: Mengentheoretische 

Betrachtungen über das Schachspiel5. In the former case, the reference is to classical, ZFC6, set 

theory; in the latter case it is to Intuitionistic set theory. Without an understanding of the 

precisely different mathematical foundations – the metamathematics – of the two notions, the 

reader of the latter (obviously an elusive, almost mythical, creature) would not have a clue as to 

the nature of the min-max derived, with precisely exact numerical approximation, by Euwe.  

 

At the minimum, even a sympathetic reader  of  Euwe’s  classic,  will  need  to  acquaint  herself  with  

the rudiments of Intuitionistic mathematics and its metamathematics7. This means, at least to 

read this paper by Euwe with some mathematical competence, some minimal acquaintence with 

the precise intuitionistic  notions  of  the  ‘triptych’  of: 

 Sets  

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
5 In both cases the boldface emphasis has been added. 
6 The  ‘Z’  in  ZFC stands, of course, for Zermelo! 
7 The typical graduate student in mathematical economics, general equilibrium theory of formal, 
orthodox,  game  theory  may  well  obtain  his  or  her  education  in  the  necessary  (‘advanced’)  
mathematics via a textbook like the one by Ok (2007), where we are told (p. 279, footnote, 47; 
italics added): 

“If  you  want  to  learn  about  intuitionism  in  mathematics,  I  suggest  reading  – in your spare 
time please – the  four  articles  by  Heyting  and  Brouwer  in  Benacerraf  and  Putnam.” 

This  clearly  ‘ideological’  stance  is  preceded  by  formally  incorrect  assertions  on  Intuitionism.  
How can a graduate student, even with every good intention and curiosity for motivation, not be 
discouraged from pursuing an interest in Intuitionistic Mathematics, in the face of this kind of 
anti-propaganda by an unsympathetic author? 
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�x Spreads 

�x Proof 

A clear discussion of the first of these concepts can be found in Veldman (1990), but, of course, 

the classical exposition isthat of Brouwer (1919); the classic exposition of the intuitionistic 

notion of Spreads is in Brouwer (1981, p. 15, ff); and, of course, there is no better place to 

acquaint oneself with the intuitionistic notion of Proof than in Brouwer (1908). 

 

Ideally, a reader of this classic by Euwe should have come to it without any preconceptions of 

mathematics and its foundations; not with any acquaintence with any kind of alternative game 

theoretic formalism. Even if the former is within the realm of possibility, the latter prerequisite is 

quite unlikely, even by the intelligent layperson. 

 

§ 3. Towards Algorithmic Mathematical Economics 

“At  the  beginning  of  the  twentieth  century  Zermelo  (1913)  suggested  that chess is a 
trivial  game  for  ‘rational players’: he described an algorithm that  can  be  used  to  ‘solve’  
the game. The technique defines a pair of strategies, one for each player, that leads to an 
‘equilibrium’  outcome  ....  .  ...  However,  despite  this  remarkable  result  .......  [its]  
equilibrium outcome is yet to be calculated; currently it is impossible to do so using 
Zermelo's algorithm. Even if one day it is shown that White has a winning strategy, it 
may not be possible for a human being to implement that strategy." 
Martin Osborne & Ariel Rubinstein, 1994, p.6; italics added. 

 
It is trivially easy to demonstrate  that  Zermelo  did  not  ‘describe  an  algorithm8 that can be used to 

solve  the  game’  and,  therefore,  it  is  not  surprising  that  ‘the  equilibrium  outcome  is  yet  to  be  

calculated’;;  a  fortiori,  showing  (sic!)  that  it  ‘may  not  be  possible’  to  show  that  a  ‘human  being’  

can  implement  ‘winning  strategy’  is  obvious  when  no  algorithm  has  been  used,  in  the  first  place. 

 

Then, these authors of a widely used graduate textbook in orthodox game theory, proceed to 

claim (ibid, pp. 99-100; italics added): 

“The  procedure  used  in  [the]  proof  [of  the  existence  of  a  subgame  perfect  equilibrium  in  
finite extensive games with perfect information] is often referred to as backwards 
induction. In addition to being a means by which to prove the proposition, this procedure 

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
8 Defined in the strict sense of recursion theory; it is more than likely that Osborne & Rubinstein 
invoke the notion of algorithm, and use it in this particular context, with a vague – essentially 
non-rigorous – concept in mind. 
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is an algorithm for calculating the set of subgame perfect equilibria of a finite game. Part 
of the appeal of the notion of subgame perfect equilibrium derives from the fact that the 
algorithm describes what appears to be a natural way for players to analyze such a game 
so long as the horizon is relatively short.”     
 

This is a false claim, and is due to compounding lack of care in using a precisely defined notion 

of algorithm with a deficient understanding of the mathematical foundations of the phrase 

backward induction. 

 

My  generation  was  educated  from  the  wisdom  and  wit  embodied  in  Samuelson’s  Foundations of 

Economic Analysis.  Like  the  dangerous  epitaph  to  Marshall’s  Principles,  ‘borrowed’,  indirectly,  

from Huxley9, the one Samuelson borrowed from Willard Gibbs for his epitaph, set the tone and 

pace for the mathematisation of economics: 

Mathematics is a language10 

Somehow,  I  detect  the  source  for  this  vision  in  Frege’s  masterpiece,  Begriffsschrift, a formula 

language, modeled upon that of arithmetic, for pure thought.  Brouwer’s  whole  point  is  that  ‘pure  

thought’  does  not  need  – indeed is positively harmed by – a  ‘formula  language’,  particularly  one  

that  seeks  to  found  a  ‘concept  script’  for  ‘pure  thought’.   

 

A commitment to an Intuitionistic Approach to Mathematical Economics means an explicit 

rejection  of  this  vision.  It  is  always  difficult  to  choose  the  path  ‘less  travelled  by’  (pace Robert 

Frost). 

 

An  appreciation  of  Euwe’s  classic  requires,  in  my  opinion,  an adherence to a twin-vision 

Kolmogorov identified more than nine decades ago (Kolmogorov, 1925, p. 436; italics added): 

“[W]ithout  the  help  of  the  principle  of  excluded  middle  it  is  impossible  to  prove  any  
proposition whose proof usually comes down to an application of the principle of 
transfinite induction. For example a proposition of that kind is: every closed set is the 
sum of a perfect set and a denumerable set. 
The proof of such propositions is often carried out without the help of the principle of 
transfinite induction. But all these proofs rest upon the principle of excluded middle, 
applied to infinite collections, or upon the principle of double negation.” 

                                                           
9 Natura non facit saltum. 
10A few years later Samuelson expressed his displeasure in not excising the indefinite article 
from the Gibbs quote for the epitaph of the Foundations! 
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and, in Kolmogorov (1932, p. 328; italics in the original): 
 

 �³The calculus of problems is formally identical with the Brouwerian intuitionistic logic, which 
has recently been formalized by Mr. Heyting��� ́
 

�(�X�Z�H�¶�V���F�O�D�V�V�L�F���F�D�Q���R�Q�O�\���E�H���U�H�D�G�����D�Q�G���D�S�S�U�H�F�L�D�W�H�G���D�V���L�Q�L�W�L�D�W�L�Q�J���D���S�L�R�Q�H�H�U�L�Q�J���U�H�V�H�D�U�F�K���S�U�R�J�U�D�P���L�Q��

viewing economics as problem solving, within the framework of a constructive mathematics, 

underpinned by intuitionistic logic. These are formidable prerequisites to ask competence in �± 

even from mathematicians or mathematically minded philosophers of mathematics; it may well 

require a wholesale revamping of the mathematical and methodological education of economists. 

Alas, the prospect for such an implementation of an alternative curriculum is bleak. 
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